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Abstract 

The paper studies semi-almost periodic holomorphic functions on a poly- 
disk which have, in a sense, the weakest possible discontinuities on the bound- 
ary torus. The basic result used in the proofs is an extension of the classical 
Bohr approximation theorem for almost periodic holomorphic functions on a 
strip to the case of Banach-valued almost periodic holomorphic functions. 



1 Introduction and Formulation of Main Results 

1.1. Let B he a complex Banach space and C^{U) be the space of bounded con- 
tinuous 5-valued functions / on a closed subset U C C endowed with sup-norm 
11/11 :=sup,,^||/(t)b. 
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Definition 1.1. A function / G C^f (M) is said to be almost periodic if the family 
of shifts {S'T-Zji-gK , Srf(t) := fit + r), t G M, is relatively compact in C^(M.). 

By APb{R) C (M) we denote the Banach space of 5-valued almost periodic 
functions on M endowed with sup-norm. 

The following result due to H. Bohr, commonly called the approximation theorem, 
is a cornerstone of the theory of Banach-valued almost periodic functions. 

Theorem 1.2 (H. Bohr). The vector subspace o/C^(]R) spanned over B by functions 
t ^ A G M, «s dense %n APb(M). 

Similarly one defines 5-valued holomorphic almost periodic functions on the 
strip S := {2 G C : < Im(z) < tt}. 

Definition 1.3. A function / G C^(S) is called holomorphic almost periodic on E 
if it is holomorphic in the interior of S and the family of shifts {^x/Ixgr is relatively 
compact in C^(S). 

By APHb{^) C (S) we denote the Banach space of S-valued almost periodic 
holomorphic functions on S endowed with sup-norm. 

Our first result is an analog of Theorem 11.21 for functions from APHb{^)- 

Theorem 1.4. The complex vector subspace ofC^{Y?) spanned over B by functions 
z ^ 6*^"=, XeM., is dense in APHsiX). 

This result is equivalent to the fact that the Banach space APHill) := APHciY?) 
of holomorphic almost periodic functions on S has the approximation property along 
with the scalar version of Theorem II. 4[ see Grothendieck [5], Section 5.1]. (Similarly 
Theorem 11.21 can be derived from the fact that y4P(]R) := 74P]a(M) has the approxi- 
mation property.) Let us recall 

Definition 1.5. A Banach space B is said to have the approximation property, if, 
for every compact set i^' C i? and every e > 0, there is an operator T : B ^ B of 
finite rank so that \\Tx — x\\b ^ £ for every x & K. If such T has norm at most 1, 
then B is said to have metric approximation property. 

It is easy to see that every space B with a Schauder basis has the approximation 
property. However, there are Banach spaces without this property, the first such 
example was constructed by Enflo [3]. In Proposition 13 . 1 1 we will show that APH(Tj) 
has metric approximation property. 

1.2. We apply Theorem 11.41 to study the algebra of bounded holomorphic functions 
on the unit polydisk D" C C" with semi-almost periodic boundary values. Originally 
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the algebra of semi-almost periodic functions on the real line M was introduced and 
studied by Sarason |6j in connection with some important problems of operator 
theory. By the definition it is a closed subalgebra of Cb(]R) generated by algebras 
y4P(]R) and PCoo (the algebra of continuous functions on M that have finite limits 
at +00 and at —00). In [2\ we introduced the algebra SAP{dB)) of semi-almost 
periodic functions on the unit circle dV> which generalizes the Sarason algebra. Then 
we studied the algebra iJ°°(D) fl SAP{d3) of bounded holomorphic functions on the 
unit disk D having boundary values in SAP{d3) which we called the algebra of semi- 
almost periodic holomorphic functions. (Recall that for a function / G H°°(D), one 
defines its boundary values a.e. on by taking limits in non-tangential directions, 
so that f\a„e L°°(9D).) 

Our interest in algebra H°°{3)r\SAP{dIii) is motivated by the following problem: 

Find a closed subalgebra A C H°°{3) whose elements have, in a sense, the 
weakest possible discontinuities at the boundary 83. 

An obvious candidate would be the subalgebra of bounded holomorphic functions 
having discontinuities of at most first kind at the boundary. Unfortunately, as it 
follows from the Lindelof Theorem, see [;4j, any such function must be continuous on 
D. Moreover, the same result holds if we consider bounded holomorphic functions 
with first kind discontinuous on of their real or imaginary parts. 

Another way to measure singularities of a function from H°°{3) is to consider 
discontinuities of its modulus on 83. Assuming that A C H'^{3) consists of func- 
tions / such that I /I Ian £ L°°{8B)) has first-kind discontinuous only, we obtain that 
A contains all inner functions. Then by the Marshall theorem, see A = H°°{3). 
Thus to get a nontrivial answer we correct the above problem restricting ourselves to 
the case of algebras A C if°°(D) generating by subgroups Ga of invertible elements 
of H°°{3) such that for each / G Ga the function |/| (or, equivalently, the harmonic 
function ln|/|) has finitely many discontinuities of at most first kind on 83. The 
main result in p] (Theorem 1.8) establishes a connection between such algebras A 
and certain subalgebras of if°°(D) n SAP {83). 

The purpose of the present paper is to define semi-almost periodic holomorphic 
functions on D" and to extend the results of [2j to this class of functions. 

First we recall some definitions from [2]. 

In what follows, we consider 83 with the counterclockwise orientation. For 
toER let 

Itois) := {e*^*°+'*) : 0<t<s< 2n}, k G {-1, 1}, 
be two open arcs having e**° as the right and the left endpoints, respectively. 
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Definition 1.6 ([2J). A function / G L°°{d3) is called semi-almost periodic on 83 
if for any to ^ [0, 27r) and any e > there exist a number s = s{tQ,e) G (0, vr) and 
functions fk : 'Jtoi^) — * C, /c G { — 1, 1}, such that functions 

t^h{e'^''+''''^), -oo<t<0, ke{-l,l}, 

are restrictions of some almost periodic functions from y4P(]R), and 

sup \f{z)- fk{z)\ <e, ke {-1,1}. 

We denote by SAP{d3) the Banach algebra of semi-almost periodic functions 
on endowed with sup-norm. For S a closed subset of dB) we denote by SAP{S) 
the Banach algebra of semi-almost periodic functions on 83 that are continuous on 
d3\S. (Note the the Sarason algebra is isomorphic to SAP{{zo}) for any zq G d3.) 

Next, let A{3) be the algebra consisting of holomorphic functions in H°°{3) that 
are continuous on D. Suppose that S contains at least two points. By As we denote 
the closure in L°°(9D) of the algebra generated by A{3) and holomorphic functions 
of the form e^^ , where ^e{f)\dn is a finite linear combination (over M) of characteristic 
functions of closed arcs in 83 whose endpoints belong to S. If S consists of a single 
point, then we define As to be the closure of the algebra generated by A{3) and 
functions ge^-^ , where Re(/)|a]D) is the characteristic function of a closed arc with an 
endpoint in S and g G A(3) is a function such that ge^^ has discontinuity on S only. 

Now, Theorem 1.8 of p] describes the structure of the algebra of semi-almost 
periodic holomorphic functions: 

Theorem 1.7 ([2J). /f°°(D) n SAP{S) = As. 

(Here and below we identify the elements of algebra H°°{3"') with their boundary 
values defined on (9D)".) 

Remark 1.8. Suppose that S C 83 contains at least 2 points. Let c**-^ G As, 
A G M, where Re(/) is the characteristic function of an arc [x, y] with x,y & S. Let 
(f)x,y '■ 3 — > EI+ be the bilinear map onto the upper half-plane that maps x to 0, the 
midpoint of the arc [x, y] to 1 and y to oo. Then there is a constant C such that 

^Xfiz) ^ g-^Log ^^,y(z)+XC^ Z e3, 

where Log is the principal branch of the logarithmic function. Thus Theorem 11.71 
implies that the algebra H°°{3) fl SAP{S) is the uniform closure of the algebra 
generated by ^4(0) and the family of functions e'^^^^°^°'^^'y\ X eR, x,y e S. 
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Let us define now multi-dimensional analogues of algebras SAP{S) and As- 
Namely, if Sk C dB> are closed sets, 1 < k < n, and S = Y[k=i C then we 

define 

n n 

SAP'^iS) ■.= (^SAP{Sk), A^s ■■= 

k=l k=l 

Here stands for completion of symmetric tensor product of the corresponding 
algebras. In particular, SAP" (5) and Ag are uniform closures of the algebras of 
complex polynomials in variables fi{zi),...,fn{zn) with fk{zk) G SAP{Sk) and 
fk{zk) G ^5^,, 1 < k < n, respectively, where z = {zi, . . . , Zn) G (9D)". 

Now the extension of Theorem 11.71 is read as follows. 

Theorem 1.9. i7°°(D") n 5AP"(5) = Ag. 

Remark 1.10. We apply Theorem 11.41 and some arguments from [2J to show that 
the algebra if°°(D) n SAP{S) has the approximation property. This will imply 
Theorem 11.91 

Let Ms be the maximal ideal space of the algebra ^"^(0") n SAP" (5*) and Ms^ 
be the maximal ideal space of the algebra i7°°(D) fl SAP{Sk), 1 < k < n. As a 
corollary of Theorem 11.91 we obtain 

Theorem 1.11. Ms is homeomorphic to Ms-^ x ■ ■ ■ x Ms^- Moreover, the Corona 
Theorem is valid for if°°(D") fl SAP^{S), i.e., W is dense in Ms in the Gelfand 
topology. 

Remark 1.12. The structure of Ms,, is described in [2J, Theorems 1.7 and 1.14. 
Let us recall this result. In what follows M{A) stands for the maximal ideal space 
of the Banach algebra A. 

Since A{3) ^ As^,, there is a continuous surjection of the maximal ideal spaces 

as, : Ms, ^ M(A(D)) = D. 

Recall that the Silov boundary oi As, is the smallest compact subset K C Ms, such 
that for each f & As, 

sup |/(z)| = sup|/(0|. 

Here we assume that every f & As, is also defined on Ms, where its extension to 
Ms, \ D is given by the Gelfand transform: f{C,) := C,{f ), C, E Ms,. 

Theorem 1.13 ([2]). (1) as, '■ Ms, \ a'^^{Sk) '0\ is a homeomorphism. 
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(2) The Silov boundary Ks^ of As,, is naturally homeomorphic to M{SAP{Sk))- 
Moreover, Ks^\ag^{Sk) = d3\Sk and Ks^^a'^l^z) , z G S^, is homeomorphic 
to the disjoint union 6M U 6M of the Bohr compactifications 6M o/M. 

(3) For each z E Sk preimage asli^) homeomorphic to the maximal ideal space 
of the algebra APHCE) of holomorphic almost periodic functions on the strip 
E := e C : Im(z) G [0,7r]}. 

Acknowledgment. We are grateful to S. Favorov for useful discussions and valu- 
able comments improving the presentation. 

2 Auxiliary Results 

2.1. In our proofs we use some results on Bohr's compactifications. 

First recall that the algebra of almost periodic functions AP(]R) := AP£(]R) 
is naturally isomorphic to the algebra C(6]R) of complex continuous functions on 
the Bohr compactification 6R of M (the maximal ideal space of 74P(]R)). That is, 
a complex continuous function on R is almost periodic if and only if it admits a 
continuous extension to 6R by means of the Gelfand transform. (Recall that the 
maximal ideal space 6R is defined as the space of continuous non-zero characters 
74P(R) I— > C endowed with the Gelfand (i.e. weak*) topology. Then 6R is a compact 
abelian group, R is naturally embedded into 6R as a dense subset, so that the action 
of R on itself by translations extends uniquely to the continuous action of R on 6R.) 

Let us describe now the maximal ideal space of the algebra APif(E). 

Let P = e C : e-^'^" < 1^1 < 1}. Then t:{z) := e^'^^^ ^ e C, determines a 
projection of the strip E onto the annulus P, so that the triple (E, P, tt) forms a 
principal bundle on P with fibre Z. Suppose that Ui and U2 are compact simply 
connected subsets of P which cover P. Then we can represent E as a quotient space 
of (C/i X Z) U (C/2 X Z) by the equivalence relation ~ determined by a locally constant 
function C12 : ?7i fl 1— > Z such that C/i x Z 9 [z, n) ~ {^z,n-\- 012(2;)) e C/2 x Z for 
all 2; G f/i n C/2, n e Z. 

Let 6Z be the Bohr compactification of Z. Then 6Z is a compact abelian group 
with Z C 6Z acting continuously on 6Z. In particular, given z E R we have a 
continuous mapping 6Z 1-^ 6Z determined by the formula ^ C + Ci2(^), C ^ 
So, we can define 

6E := {Ui X bZ) U {U2 x 6Z)/ - 

where, by definition, UiXbZ3 {z, ^) ~ {z,C + c^iz)) e C/2 x 6Z for all z eUiCi C/2, 
^ e 6Z. The local embeddings C/^ x Z ^ C/^ x 6Z (A; = 1, 2) determine an embedding 
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Lo : Ti "-^ bTi. Similarly, an embedding : S ^ 6S, where ^ G &Z, is determined by 
the local embedding {z, n) ^— (2;, n + ^). Since Z is dense in 6Z, is dense in 6S 

for each ^ G 6S. Furthermore, the sets are mutually disjoint and cover 6S. 

We say that a function / : 6ZI t— > C is holomorphic if its pullback is holomor- 
phic on S for each ^ G 6Z. The space of functions holomorphic on 6E is denoted by 
C(6S). Now, we have 

Proposition 2.1 ([2]). AP/J(S) zs naturally isomorphic to 

The result states that 0{bT,)\j] = APH{Ti). Moreover, as it is shown in [2], if 
is holomorphic on S for a certain ,^ G 6S, then / is holomorphic on 6S. This gives 
another definition of a holomorphic almost periodic function (cf. Definition ll.3p . 

Proposition 2.2 ([2]). 6S homeomorphic to the maximal ideal space of the algebra 
APH{T). 

2.2. In the proof of Theorem 11.41 we use the following equivalent definition of B- 
valued holomorphic functions on S (cf. Definition 11.31) . 

Proposition 2.3. A continuous function f -.11^ B is holomorphic almost periodic 
on S if and only if it is holomorphic in the interior of S and admits a continuous 
extension to 6S. 

Proof. Assume that / is a 5- valued continuous almost periodic function on S. Since 
g o f ^ APHCE) for every continuous functional g E B* , the function / admits a 
continuous extension f : bTi ^ B**; here B** is equipped with weak* topology. 
Next, due to Definition II. 3[ the closure /(S) of /(S) in the strong topology of B 
is compact. We naturally identify B with a subspace of B**. Since any compact 
subset of B is also compact in the weak* topology of B**, = /(S) C B. Hence 

/ maps 6S into B and is continuous. 

Conversely, assume that f : bH ^ B is continuous and /|s is holomorphic. Since 
/ is uniformly continuous on 6S and the natural action of group M on S by shifts 
is extended to a continuous action of bR on 6S, the family of shifts {Sxf}x£R is 
relatively compact in C^{bT) C C^(S). □ 

Now, suppose that / G APHb{^). According to Proposition 12.31 there exists 
a continuous extension / of / to 6S. For each continuous functional g E B* the 
function g o f belongs to APH{T,). By Proposition 12.11 g o f admits a continuous 
extension g o f e 0{bT,). Since S is dense in 6S, the identity gof = gofis valid 
for all g E B*. This implies that for each ^ G 6Z, the function g o f o E APH{T,) 
for all g E B* . Therefore the continuous i?- valued function f o is holomorphic in 
the interior of S, i.e., it belongs to APHb{'S). 
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3 Proof of Theorem 1.4 



Proposition 3.1. APH{J]) has metric approximation property. 

Proof. We refer to the book of Besicovich [Ij for the corresponding definitions and 
facts from the theory of almost periodic functions. 

Let K C APH{T,) be compact. Given e > consider an |-net {/i, . . . , fi} C K . 

Let 

l/l|<ni,...,|j^r|<»^r 

be a Bochner-Fejer kernel such that for all 1 < k < I 

sup \Mz) - MtiMz + t)/C(t)}| < ^. (3.1) 

Here (3i, . . . , f3r are elements of a basis over Q of the union of spectra of functions 
/i, ...,//, i/i, z/^ G Z, rii, G N and 

Mt{fk{z + t)/C(t)} := lim / fkiz + t)lC{t) dt 

T— »cxD ZI J _x 

are the corresponding holomorphic Bochner-Fejer polynomials. 

We define an operator T : APH{Ti) —>■ APH{J]) from Definition 11.51 by the 
formula 

(T/)(z) := M,{f{z + t)}C{t)}, f e APH{J:). (3.2) 

Then T is a linear projection onto a finite-dimensional space generated by functions 
^ ■■■ —P^j'^^ |^_|^| < m, . . . , |z/r| < Ur. Moreover, since /C(t) > for all t G M 

and Mf{/C(t)} = 1, the norm of T is 1. Finally, given f & K choose k such that 
11/ - fk\\APH{s) < f • Then we have by (EH]) 

11^/ - f\\APH{T.) < \\T{f - fk)\\APH{T.) + \\Tfk - fkllAPHiT.) + \\fk " f\\APH{T.) < £■ 

This completes the proof of the proposition. □ 

Let us prove now Theorem 11.41 According to Section 2.2 each i?-valued almost 
periodic function / on S admits a continuous extension / G C^(6S). Also, for each 
g G B* the function go f E 0{hTj). Since (9(6S) = APH{T.) has the approximation 
property by Proposition 13.11 and since 6S is compact, the results of Section 5.1 
of [5] imply that each / belongs to the closure in C^(6E) of the symmetric tensor 
product of APH{T,) and B. Finally, the classical Bohr theorem, see, e.g., [1], asserts 
that each element of APH{J]) is the uniform limit of finite linear combinations of 
functions e*^^, A G M. These facts complete the proof of the theorem. □ 
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4 Proofs of Theorems 1.9 and 1.11 



4.1 Semi-almost periodic holomorphic functions on 
values in a Banach space 



with 



To prove Theorem II .91 we generalize results of [2] to the Banach space of semi-almost 
periodic holomorphic functions on the unit disk D with values in a Banach space B. 
4.1.1. Let L'^{d3) be the Banach space of -B- valued bounded measurable functions 
on equipped with sup-norm. 

Definition 4.1. A function / G (9D) is called semi-almost periodic on c)D if 

for any to G [0,27r) and any e > there exist a number s = s(tQ,e) G (0, tt) and 
functions fk : j'^^{s) B, -f'^^{s) := {e'^^o+kt) . q < t < s < 27r}, k G {-1, 1}, such 
that functions 



fk{< 



,i(to+fcse') 



), -oo < t < 0, k e {-1, 1}, 



are restrictions of some 5- valued almost periodic functions from APb{M.) and 

sup \\f{z) - fkiz)\\B <e, A;G{-1,1}. 

Analogously, we denote by SAPb{S) C L'^{S) the Banach space of semi-almost 
periodic functions that are continuous on d3 \ S. 

Using the Poisson integral formula we can extend each function from SAPb{S) 
to a bounded S-valued harmonic function on D having the same sup-norm. Below 
we identify SAPb{S) with its harmonic extension. 

Suppose that S contains at least two points. Recall that As is the closure in 
H°°{3) of the algebra generated by y4(D) and holomorphic functions of the form e^^ , 
where Re(/)|aD is a finite linear combination (over M) of characteristic functions of 
closed arcs in dB) whose endpoints belong to S. If S consists of a single point, then As 
is the closure of the algebra generated by ^4(0) and functions ge^-^ , where Re(/)|aD 
is the characteristic function of a closed arc with an endpoint in S and g G A{3) is 
a function such that ge-^ has discontinuity on S only. (Here A{3) C H°°{3) is the 
disk-algebra, see Section 1.) 

We define the Banach space Ag as 

= As ® B. 

Here ® stands for completion of symmetric tensor product with respect to norm 



^fkh 



k=i 



sup 

z€dD 



k=l 



with fk G As, bk G B. 



(4.1) 



B 



9 



Let if^(D) be the Banach space of bounded 5- valued holomorphic functions on 
D equipped with sup-norm. The Banach-valued analogue of Theorems 11.91 is now 
formulated as follows. 

Theorem 4.2. SAPeiS) n H^{B) = . 

4.1.2. For the proof we require some auxiliary results. 

Let APC(S) be the Banach algebra of functions / : S C uniformly continuous 
on S := G C : lm{z) G [0, vr]} and almost periodic on each horizontal line. 

Proposition 4.3 ([2]). M{APH{T?)) = M(APC(E)). 

We define APCb{^) = APC{^) ® B. 

Lemma 4.4. Suppose that fi G APb(M.), /2 G APBi^ + iir)- Then there exists 
a function F G APCb{^) which is harmonic in the interior of whose boundary 
values are fi and f2- Moreover, F admits a continuous extension to the maximal 
ideal space M{APH{T)). 

Proof. By definition /i and /2 can be approximated on M and M + ivr by functions 
of the form 

ki k2 

/=o /=o 

respectively, where 6^, q G -B, A/, G M. Using the Poisson integral formula we 
extend qi and q2 from the boundary to a function H G APCb(S) harmonic in the 
interior of E, see, e.g., [2], Lemma 4.3 for similar arguments. Also, by the definition 
of the algebra APCb{^) and by Proposition l4.3l H admits a continuous extension to 
M{APH{J])). Now, by the maximum principle for harmonic functions the sequence 
of functions H converges in APCb{^) to a certain function F harmonic in the 
interior of S which satisfies the required properties of the lemma. □ 

Let : D ^ e+ , 

0,„(z):=^^^, zeB, (4.2) 

be a conformal map of D onto the upper half-plane EI+. Then (p^o is also continuous 
on \ {— -Zq} and maps it diffeomorphically onto M (the boundary of EI_|_) so that 
4'zoi^o) = 0. Let So be the interior of the strip S. Consider the conformal map 
Log : EI+ So, z \—>- Log(2;) := In \z\ + iArg(z), where Arg : C \ ]R_ (~^) ^) is 
the principal branch of the multi-function arg, the argument of a complex number. 
The function Log is extended to a homeomorphism of EI_|_ \ {0} onto S; here IHI+ 
stands for the closure of EI+. 
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The proof of the next statement uses Lemma 14.41 and is very similar to the proof 
of Lemma 4.2 (for i? = C) in [2j, so we omit it. 

Suppose that zq = e**". For s G (0, vr) we set 71(2:0,5) := Log(02f,(7ji(s))) C M 
and 7-i(zo, s) := Log(</)2o(7j-i(s))) C M + m. 

Lemma 4.5. Let zq G S, suppose that f G SAPb{{—zq, zq}) . We put fk = /l7fe(7r)) 

'0 

and define on arc ■jkizo, s) 

/ifc = /fc o V^^o^ o Log"\ A;G{-1,1}. 

Then for any e > there exist a number G (0, s) and a function H G APCb{^) 
harmonic on Sq such that 

sup \\hk{z) - H{z)\\b < e, ke{-l,l}. 

Let zq G d3 and f/^g be the intersection of an open disk of radius < 1 centered 
at Zq with D \ 2o. We call such Uzg a circular neighbourhood of zq. 

We say that a bounded continuous function f : 3 B is almost-periodic near 
Zq if there exist a circular neighbourhood f/^^, and a function / G APCb(X') such 
that 

f{z) = f{Log{^,,{z))), zeU,,. 

Let Ms be the maximal ideal space of H°°{B)nSAP{S) and as : Ms he the 
natural continuous surjection, see Remark 1 1.12[ Recall that for zq G S, ag^{zo) can 
be naturally identified with 6S := M{APH(T,)). Therefore the algebra O{ag^{zo)) 
of holomorphic functions on a^^(zo) can be defined similarly to (9(6S) from Section 
2 (by means of this identification), see [2] for details. 

In the proof of Theorem L8 of [2] (see Lemmas 4.4, 4.6 there) we established 

(1) Any scalar harmonic function / on D almost periodic near zq admits a con- 
tinuous extension to a^^iUzo) C Ms for some circular neighbourhood Uzq- 

(2) For any holomorphic function / G O{ag^{zo)), Zq G S, there is a bounded 
holomorphic function / on D of the same sup-norm almost periodic near Zq 
such that its extension to ag'^{zo) coincides with /. 

Similarly to (9(6S) we define the Banach space 0s(6S) of S- valued holomorphic 
functions on cf. Section 2. Then by Theorem 11.41 (9b(6S) := (9(6S) ^ B. 
This together with the i?-valued Bohr approximation theorem for the subalgebra of 
harmonic functions in APCBiX') (see Lemma [4.41) and statements (1), (2) imply 

(3) Any i?-valued harmonic function / on D almost periodic near zq admits a 
continuous extension to Og^iUzo) C Ms for some circular neighbourhood Uz^- 
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(4) For any holomorphic function / G Ob{cls (-^o)); ^ S, there is a bounded 
5-valued holomorphic function / on D of the same sup-norm almost periodic 
near zq such that its extension to ag'^(zo) coincides with /. 

From (3) and (4) we obtain 

Lemma 4.6. Let f E SAPBiS)r]H^(D) and zq e dV). There is a bounded B-valued 
holomorphic function f on3 almost periodic near zq such that for any £ > there 
is a circular neighbourhood Uzt^-e of zq so that 

sup \\f{z) ~ f{z)\\B <e. 

Proof. Assume, first, that zq E S. By Lemma 14.51 for any n G N there exist a 
number s„ G (0, s) and a function if„ G APCBiX') harmonic on Sq such that 

sup \\fk{z)-Hn{z)\\B<-, A;G{-1,1}. (4.3) 

Using the Poisson integral formula for the bounded 5-valued harmonic function 
/ — Hn on D we easily obtain from (14. 3 p that there is a circular neighbourhood Vz^-n 
of Zq such that 

sup \\f{z)-H^{z)\\B<-. (4.4) 

According to (3) each Hn admits a continuous extension Hn to a'^^^z^) = 6S. More- 
over, (14.41) implies that the restriction of the sequence {Hn]n(m to a'g^{zQ) forms a 
Cauchy sequence in (7^(0^^(2:0)). Let H G C b{cl~s^ {zq)) be the limit of this sequence. 

Further, for any functional (j) E B* the function o / G SAP{S) fl i/°°(D) 
and therefore admits a continuous extension to a'^^^zo) such that on a'^^^z^) the 
extended function belongs to 0{a'^^{zQ)). Now, (14. 4p implies directly that = (poH 
for any (p G B* . Then from the definition of O B{cis^ {zq)) ^ see Section 2, follows that 
H G O B{cig^ {zq)) ■ Thus by (4) we find a bounded i?-valued holomorphic function 
/ on D of the same sup-norm as H almost periodic near zq such that its extension 
to a'g^^ZQ) coincides with H. Now by the definition of the topology of M5, see [2], 
Lemma 4.4 (a), we obtain that for any e > there is a number G N such that for 
all n>N, 

sup \\f[z)-Hn{z)\\B<'-. 

Finally, choose n > A^ in (14. 4p such that the right-hand there < |. For this n we 
set UzQ-s '■= Vzo;n- Then the previous inequality and (14.40 imply the required 

sup \\f{z) - f{z)\\B <e. 
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If, now, zq ^ S, then, by definition, f\do is continuous at zq. In this case as the 
function / we can choose the constant S- valued function equal to f{zo) on D. Then 
the required result follows from the Poisson integral formula for / — / . We leave the 
details to the reader. □ 

4.1.3. We are now ready to prove Theorem 14 .21 

Proof. As it was shown in [2j, C SAP{S)r]H°^{B). So C SAPB{S)r]H^{B). 
Let us prove the opposite inclusion. 

(A) Consider first the case S = F, where F = {^j}™ is a finite subset of 9D. 

Let / G SAPb{F) n if^(D). Then according to Lemma 14.61 there exists a 
function /^^ G APHb{^) such that the bounded 5-valued holomorphic function 
9zi — f, dzi '■= fzi ° Log o on D is continuous and equals at zi. 

Let us show that g^^ G A^^_^ _^_^y Indeed, since /^^ G APHsiX'), by Theorem 11.41 
it can be approximated in APHb{^) by finite sums of functions be"^^^, 6 G 5, A G M, 
2; G S. In turn, can be approximated by finite sums of functions be'^^°>^°^^K As 
it was shown in [2], e'^^°^°'^'-^ G A{z-,-zi}- Hence, g^^ G Af^^ _^^y 

We define 

. _ gzA^){z + zi) 
~ 2zi 

Then, since the function z ^-^ {z + zi)/{2zi) G y4(D) and equals at — zi, and 
gzi e Aj^^ the function g^^ G ^{^^j- Moreover, by the definitions of gz^ and gz^, 
the function g^^ — / is continuous and equal to zero at Zi. Thus, 

g.,- f eSAP{F\{z,})f^H^{p). 

We proceed in this way to get functions (jz^. G A^^^^ such that 



fc=l 



Here Ab{P) is the Banach space of S- valued bounded holomorphic functions on D 
continuous up to the boundary. As in the scalar case using the Taylor expansion at 
of functions from Ab{P) one can easily show that ^^(D) = A{p) Cg> B. This and 
the above implication imply that / G A^ := Ap ^ B, as required. 

(B) Let us consider the general case of S* C d3 an arbitrary closed set. 

Let / G SAPb{S) n if^(D). As it follows from Lemma [4.61 and the arguments 
presented in part (A), given an e > there exist points Zk G 9D, functions fk G ^f^^,} 
and circular neighbourhoods f/^^. [1 < k < m) such that {Uk}^^i forms an open cover 
of set dB \ and 

\\f{z)-fj,{z)\\B<e on Uz,, 1 < k < m. (4.5) 
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Since S is closed, for Zk ^ S we may assume that fk is continuous in Uz^.- 

Let us define a -B- valued 1-cocycle {ckj}^j=i on intersections of the sets in 
{Uzf.}^=i by the formula 

Ck,{z) := Mz) - f,{z), z G Uz, n Uz^. (4.6) 

Then (14 .Sp implies 

sup \\ckj iz)\\ B <2e. (4.7) 

Since m < oo, we may assume, without loss of generality, that none of the 
intersections Uz,. H Uz^, k ^ j, contains points z^- Further, we may choose the above 
functions and sets such that Ckj is holomorphic in Uz^. H Uz^ and continuous in the 
closure of Uz^. H Uzj- Let {pj^Li be a smooth partition of unity subordinate to the 
open cover {Uz,.}^^i of an open annulus A CC U^^^Uz^. with outer boundary dB> 
such that each is the restriction of a smooth function defined on a neighbourhood 
of dB) and pk{zk) = 1, 1 ^ ^ m. We resolve the cocycle {ckj}^j=o using this 
partition of unity by formulas 

m 

fj(^) = ^Pkiz)ckjiz), z G Uz^ n A, 

k=l 

SO, by definition, 

Ckj{z) = fk{z) - fj{z), zeUz.n Uz^ n A. (4.8) 

Now since c^j are -B- valued holomorphic functions in f/^. n Uz^ continuous up to the 
boundary, p^j are smooth functions on a neighbourhood of and A CC U^^f/^^., 

h{z) := ^4^, z G f/,^. n A, 1 < J < m, 

is a smooth global 5-valued function on A continuous up to the boundary. 
We define 

H{z):=^ [ p^dC AdC, zeB. (4.9) 
Similarly to the scalar case we use polar coordinates in (14.91) to obtain 

sup\\H{z)\\b<Cw{A) snp\\h{z)\\B, 

z&A zeA 

where w{A) is width of A and C > is a numerical constant. Furthermore, H is 
continuous on A and ^ = h on A. Without loss of generality (see (14. 7p and the 
definition of functions pj) we may assume that w{A) is sufficiently small, so that 

sup ||if(z)||B < e. 
zeA 
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Let us define 

c,{z):=Mz)-H{z), zeU^^nA. (4.10) 
Then Cj is a S-valued continuous function holomorphic in Uz^ fl A satisfying (see 

sup \\ciiz)\\B<3e. (4.11) 
zGUz^nA 

By 6D, 

Ci{z) - Cj{z) = c,,{z), zeUz^n U,^ n A. (4.12) 
Let us determine a function defined on A \ {zi}^^ by formulas 

/,(z) := /,(z) -q(2;), 2;ef/,, nA 

According to (14. 6 p and (I4.12p . is a bounded continuous 5- valued function on 
A \ {zi}^-^ fiolomorpliic in A. Furtliermore, since is continuous on 11^^ H A, 
and fi G ^f^-}, for 2j G S" and /j G ^^(D) otherwise, /elao € SAPb{F) where 
F = {zi}^^ n S. Also, from inequalities (14. 5 p and (14. lip we have 

snp\\fiz)-f,{z)\\n<^e. (4.13) 

Now let D' be an open disk centered at whose intersection with A is an annulus 
of width Let A' be the open annulus with the interior boundary coinciding 

with the interior boundary of A and with the outer boundary {z & C : |2;|=2}. 
Then {A', D'} forms an open cover of D. Let us define a 1-cocycle on A'CiD' = ACiD' 
by the formula 

c{z) = f{z)-Mz), zeAnD'. 

As it follows from (14.130 . ||c(z)||b < 4e for all z & D' (1 A'. Consider a smooth 
partition of unity subordinate to the cover {A', D'} of D which consists of smooth 
radial functions pA', Pd' defined on C such that 

C 2C 

max{||Vp^.||L-(c), ||Vpz?'IU-(c)} ^ ^ a') ^ MA) ^^'^^^ 

where C > is a numerical constant. We resolve the cocycle c as follows: 

fA'iz) = -pD'iz)c{z), zeA', 

fo'iz) = pA'{z)c{z), z G D'. 
Then c{z) = fo'iz) — fA'{z), z & A' Ci D' . Since c is holomorphic in A' n D\ 

9W= •! „, , , (4.15) 
oz 
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is a bounded smooth i?-valued function on D with support in A. 
Next, 

is a smooth i?- valued function on D, continuous up to the boundary such that ^ = g 
on D. Moreover, by (]4.13p . (14.14p and the fact that supp(5') C A we obtain from 

iin]) 

sup \\G{z)\\b < C'w{A)^ = C'e (4.17) 

zgD W{A) 

for a numerical constant C > 0. 
Now we define 

ca'{z) = fA'{z) - G{z), z e A, 

CDiz) = fD'{z)-G{z), zeD'. 

Then ca' and c^' are 5-valued holomorphic functions in A and D', respectively. 
Clearly, we have co'{z) — ca'{z) = c{z) for all z G D' (lA'. Furthermore, as it follows 
from (14.131) . (I4.17P there exists a numerical constant C > such that 

\\ca'{z)\\b < Ce, zeA, \\cd'{z)\\b < Ce, z e D' . 

Finally, let us define 

' f{z)-CD>{z), z E D', 



feiz) - CA'iz), Z e A. 



Clearly, is a i?-valued holomorphic function on D (since for every z E D' (1 A we 
have f{z) - f^{z) - cd'{z) + ca'{,z) = f{z) - fe{z) - c{z) = 0). Also, 

snp\\f{z)-F,{z)\\B<Ce 
for a numerical constant C > 0, and by definition G SAPb{F) fl H'^{3), where 

F = {zi, Zm} n S. 

The last inequality and part (A) of the proof show that the complex vector 
space generated by spaces Ap for all possible finite subsets F C S" is dense in 
SAPb{S) n if^(D). Since the closure of all such Ap is , we obtain the required: 
SAPB{S)nH^(B) = A§. □ 

Remark 4.7. From the proof of Theorem 14.21 one obtains also that each function 
from SAPb{S) fl if^(D) admits a continuous extension to the maximal ideal space 
of the algebra SAP{S) fl H°°{3). Then this theorem and the results of Section 5.1 
of [5] imply that SAP{S) fl H°^{3) has the approximation property. 
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4.2 Proofs 



Proof of TheoremlTE Let S = HLi C where St C is a closed set. 

We must prove that iy°°(D") n 5AP"(5) = Ag. 

We prove this statement by induction over n. For n = 1 the identity was already 
proved. Suppose that it is true for n - 1, that is, if~(D"-i) n SAP'^^^{S') = A^r^ 
where S' := 11^=1 ^k, and prove it for n. Let S = S' x Sn- 

Lemma 4.8. 

SAP'^iS) = SAPeiSn) 

forB = SAP-^-^S') and 

An _ aC 

forC = A'^7\ 

Proof. The proof follows directly from the definitions of SAP"'{S) and A^. □ 

Let / G iJ°°(D") n SAP'^iS). According to Lemma HSl / E SAPeiSn) for 
B = SAP"'^^{S'). Also, by the Poisson integral formula for bounded polyharmonic 
functions on D", and the fact that / G iJ°°(D") we obtain that / G H^{B). Thus, 
in virtue of Theorem 14.21 

/ G SAPb{S^) n H^iB) = Al. (4.18) 

Let C, = (^1, . . . be coordinates on (9D)". Applying again the Poisson inte- 
gral formula for bounded polyharmonic functions on D" we obtain that the func- 
tions /(-,..., G i/°°(D"-^) for almost all ^„ G dB. Thus, by the induction 
hypothesis, for almost all ^„ G D we have /(-, ...,-,^n) e i7°°(D"-i) nB = A^^T^ 
From here and fl4.18p we get / G Ag^, C := A^V^. Now, Lemma [4.81 implies that 
/ G Ag. This shows that H°°{W) n SAP"(S) C Ag. The converse embedding 

C i/°°(D") n 5AP"(5) follows immediately from the definition of Ag. □ 

Proof of Theorem According to Theorem 11.91 and the scalar version of Theo- 

rem |4]2l the algebra H°°{W') fl SAP'^''{S) is symmetric tensor product of algebras 
if°°(D) n SAP{Sk), 1 < k < n. Therefore by a standard result of the theory of 
Banach algebras we obtain that Ms is homeomorphic to Mg^ x ■ ■ ■ x Ms„ for the 
corresponding maximal ideal spaces of these algebras. As it was proved in [2j|, D is 
dense in each Ms^. in the corresponding Gelfand topology. Therefore is dense in 
Ms in the Gelfand topology. □ 
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